Abstract. Cosmological N -body simulations are typically purely run with particles using Newtonian equations of motion. However, such simulations can be made fully consistent with general relativity using a well-defined prescription. Here, we extend the formalism previously developed for ΛCDM cosmologies with massless neutrinos to include the effects of massive, but light neutrinos. We have implemented the method in two different N -body codes, concept and pkdgrav, and demonstrate that they produce consistent results. We furthermore show that we can recover all appropriate limits, including the full GR solution in linear perturbation theory at the per mille level of precision.
Introduction
In the coming few years, new, large galaxy surveys such as those from LSST [1] and EUCLID [2] will provide extremely precise measurements of the large scale structure of our Universe. This in turn requires numerical simulations of structure formation to be accurate at the sub-percent level over a wide range of scales.
One important ingredient in this quest is to include massive neutrinos which are known to make up at least 0.1 % of the total energy density at present. Even at this lower limit the inclusion of neutrinos changes the matter power spectrum at the 3-4 % level, substantially more than the required precision of these surveys.
Over the past decade, a substantial effort has been devoted to the inclusion of massive neutrinos in N -body simulations. One approach is to use a particle representation of the full neutrino distribution function (e.g. [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). This, however, is very numerically challenging because of the large number of particles needed to properly follow the neutrino distribution function. Another scheme assumes that neutrino perturbations remain linear [13] [14] [15] . A simple scheme which is known to work well for small neutrino masses is to use the linear neutrino density field calculated by realising the linear neutrino transfer function on a grid [13] . An improvement on this is to solve the linear theory neutrino equations, but use the full non-linear gravitational potential calculated in the simulation [14, 15] . However, in both cases this scheme only works for relatively small neutrino masses where neutrino perturbations remain linear at all times. Finally, there are hybrid schemes coupling the two approaches [16] , as well as approaches based on other approximate solutions (e.g. [17, 18] )
Another effect which must be taken into account comes from the inclusion of general relativistic effects. This can be done fully relativistically in the weak field limit (see e.g. [19] ). However, as has been shown (see e.g. [20] and references therein), even N -body codes such as gadget [21] , pkdgrav [22] and ramses [23] which are inherently Newtonian, can in fact be used to obtain results which are valid in the weak field limit of GR. In the case of pure ΛCDM models, i.e. models with only one matter component, this can be done via backscaling. The inclusion of massive neutrinos complicates matters, and the backscaling method becomes highly non-trivial. However, massive neutrinos can be included using the method presented in [24] [25] [26] . This requires neutrinos to be light enough that they can be treated as a purely linear component. In this case the neutrino density field can be realised at each timestep in a Newtonian simulation and thus be used to calculate the neutrino contribution to the local gravitational potential. This method was first introduced in [13] and shown to lead to sub-percent errors in the calculation of the matter power spectrum for neutrino masses up to around 0.3 eV. When neutrinos are added to the simulation using this method the N -body simulation still contains only one matter component and this makes it possible to use the framework presented in [24] [25] [26] .
In this paper we show that by extending the method to include massive neutrinos we can run Newtonian N -body simulations which are fully consistent with GR, including massive neutrinos, without compromising the speed and scalability of standard N -body codes. We test our framework using two different N -body codes and demonstrate that we obtain fully consistent results.
In Section 2 we discuss the theoretical set-up needed to include massive neutrinos and GR. In Section 3 we present our numerical results, and finally Section 4 contains a discussion and our conclusions.
Method and implementation
As was shown in [24] [25] [26] , Newtonian N -body simulations containing only dark matter (or any other highly non-relativistic component) can be made compatible with general relativity.
For pure matter (i.e. a pressureless component) the continuity and Euler equations for the density contrast δ and peculiar velocity v can be written aṡ
where a dot denotes differentiation with respect to conformal time τ and H =ȧ/a is the conformal Hubble parameter with a being the cosmic scale factor. The quantity γ is a correction which can be subtracted from the peculiar potential, φ, in the simulation. The potential φ is the total potential from all species, i.e.
with α ∈ {cdm, b, γ, ν} running over all species 1 . From [20] , the Fourier space equation for γ can be written as
where Σ is the total anisotropic stress of all species and H T is the trace-free component of the spatial part of the metric in N -body gauge (see e.g. [27] ). In appendix A we calculate γ in Fourier space with massive neutrinos included. We then have everything we need for this approach to fully consistently take massive neutrinos into account. Concretely we split the total potential φ−γ experienced by the matter in the simulation into a contribution coming from the matter itself (calculable using standard techniques in the N -body simulation), φ sim , and a contribution coming from photons, neutrinos, and the GR correction γ, φ GR :
with φ GR given by
Here δρ metric is a fictitious density perturbation which amounts to the GR potential correction γ,
Following the same prescription as in [26] , at each timestep in the simulation we realise δρ GR in Fourier space, solve its Poisson equation (2.6), transform to real space and apply the force from φ GR to the matter particles, in addition to the usual force from the matter particles themselves (corresponding to φ sim ).
To compute δρ GR in linear perturbation theory, a class [28] computation has been run in advance, providing us with δρ γ and δρ ν in either synchronous or conformal Newtonian gauge,Ḣ T in N -body gauge as described in appendix A, as well as Σ (which is gauge independent in linear perturbation theory and can be calculated from its algebraic relation to φ − ψ in conformal Newtonian gauge), all as functions of a and k. FromḢ Nb T and Σ, we obtain δρ Nb metric (a, k) using (2.4) and (2.7). We then transform δρ γ and δρ ν to N -body gauge,
with θ tot the total peculiar velocity divergence of all species and w α =P α /ρ α the equation of state parameter of species α (both obtainable from class), after which we add δρ Nb γ and δρ Nb ν to δρ Nb metric , resulting in δρ Nb GR . The realisation of this δρ Nb GR (k) on a grid in real space is done using the formalism outlined in appendix A of [18] .
In Fig. 1 we show the individual contributions to φ GR from photons, neutrinos, and the GR correction γ. For the case of massless neutrinos we reproduce the results from [26] : For small (superhorizon) values of k all three contributions asymptotically approach kindependent values, while for larger k all three contributions oscillate and damp. For the case of massive neutrinos, we see that, as expected, the neutrino contribution ceases to oscillate as soon as neutrinos become non-relativistic (T /m ν ∼ 1/3 around z ∼ 60). From this point on it grows rapidly, essentially following the matter evolution. We also note that the photon and γ contributions remain almost unchanged in the case of massive neutrinos so that by far the largest difference between models with different neutrino masses comes from the neutrino component itself, rather than from photons or the GR correction γ.
We initialise the simulation using class in the same way as was described in [18] . Initial conditions for the density and velocity fields are generated using the N -body gauge δ cdm+b and θ cdm+b transfer functions from class at the initialisation time, i.e. we do not use higher order methods such as 2LPT. In this particular case this is completely unproblematic since we study effects pertaining to very large scales where structures are completely linear at the initial time.
Numerical setup and results
In order to test the effect of massive neutrinos including GR corrections we perform a suite of N -body simulations, primarily using the publicly available concept N -body solver [18] . All concept simulations in this work use cosmological parameters as listed in table 1. We use a degenerate neutrino hierarchy, i.e. three neutrinos of equal mass. The concept simulations all begin at a = 0.01, use 1024 3 matter particles and the potential grids (both φ sim and φ GR ) are of size 1024 3 . All concept simulations are carried out in box sizes of either (16384 Mpc/h) 3 or (1024 Mpc/h) 3 , the power spectra from which are patched together to give the ones shown in Fig. 2, 3 and 4. 
Main results
In Fig. 2 we show ratios of matter power spectra with and without the corrections from φ GR included. The effects from including the different terms (φ γ , φ ν , −γ) in φ GR are shown. It can be clearly seen that at early times models with and without neutrino mass behave identically because the neutrinos are still close to relativistic. Once neutrinos become nonrelativistic the relative contribution from φ ν increases significantly and dominates over the other components, whereas the photons and the metric component (γ) are close to identical in the two cases. This is completely expected given the behaviour of φ GR seen in Fig. 1 m ν = 0.0 eV In Fig. 3 we show the well-known suppression plot, comparing models with m ν = 0.1 eV to m ν = 0, with and without the full φ GR included.
The dashed lines show results from running purely Newtonian simulations. We find the usual suppression in the semi-linear to non-linear regime (explained in detail in numerous other works, see e.g. [3-9, 11, 14-17, 29] ).
Notice that in the limit of small k there are noticeable differences. At the initial time the model with non-zero neutrino mass has slightly more power, but over time the model with neutrino mass has slower growth of structure and therefore the power ratio drops with time. This phenomenon can be explained in the following way: At the initialisation time Over time the Newtonian models lack any contribution from photon, neutrino and metric perturbations on large scales and since the matter density is lower in the model with neutrino mass, the matter fluctuations grow correspondingly slower, leading to suppression of power over time.
The thin, horizontal dashed lines show the ratio of solutions to the purely Newtonian linear perturbation equations for non-relativistic matter, i.e. the ratio of the growth functions, D, squared. Both models have almost the same background evolution. However, the model with massive neutrinos has no source term from the neutrinos acting on the CDM. We normalise the ratio such that it matches exactly at the initial time. The fact that the simulations match the simple Newtonian linear theory result is a nice consistency check of the code.
The full curves show the result of simulations with φ GR included. The thin black lines show the results from class (i.e. linear theory), and as can be seen the N -body results match exactly in the linear regime. As expected we see a slight increase in the ratio just before the non-linear scales (only clearly visible at a = 1). For large k we find the expected result, namely that there is an exact match between Newtonian and GR simulations.
For the simulations with φ GR included the difference on large scales is far smaller. At the initialisation point the difference is the same as in the Newtonian case, since they start from the same class output. However, at later times the lack of cold dark matter is, to a large extent, compensated by the presence of neutrino and photon fluctuations. On super-horizon scales these are comparable in importance to the matter fluctuations and therefore the suppression becomes much less pronounced.
Finally, we note that the bump seen around k ∼ 6 × 10 −3 h/Mpc in the initial ratio arises from the difference in matter-radiation equality between the two models (see e.g. [30] ), and that it propagates differently in the two models. In the Newtonian simulations it remains fixed in k-space, whereas in the GR case it moves to the left over time. This difference is caused by the GR corrections during evolution (i.e. it essentially amounts to the difference between the left and right panels in Fig. 2 ).
Comparison with PKDGRAV
In order to test the robustness of our calculation we have additionally implemented the GR effects in the state-of-the-art publicly available code pkdgrav. Results from this exercise are shown in Fig. 4 . As can be seen, pkdgrav provides results which are identical to those of concept to within a very small margin, even though the two codes are fundamentally different.
pkdgrav is a pure tree code, but with a grid structure implemented very recently precisely for the use case laid out in this paper. As seen in Fig. 4 , the results from the GR implementation in pkdgrav match those from the GR implementation in concept very accurately. Through the newly added class mode of pkdgrav, all pkdgrav simulations use the exact same cosmology and initial conditions 2 as the concept simulations. Similarly, the box size is chosen as (16384 Mpc/h) 3 and the simulations begin at a = 0.01. The number of particles is however reduced to 512 3 , as we are only interested in the linear regime. Fig. 4 do not show the pkdgrav lines at the lowest k modes around k ∼ 10 −3 h/Mpc, as here they begin to deviate from the expected results by a few percent. We can achieve agreement in this region by increasing the box size, which then simply moves the inaccurate region to the left. We suspect that this can be explained by the time stepping scheme used by pkdgrav, where all (major) time steps last for the same length of cosmic time. A new time stepping scheme based on the scale factor (at least at early times), rather than the cosmic time, is under construction.
Our pkdgrav simulations ended prematurely due to a hardware failure, and so the pkdgrav lines for a = 1.00 in Fig. 4 are really constructed from power spectra at a = 0.50, which we have extrapolated to a = 1.00 using linear theory.
Discussion
We have presented a framework for calculating the effect of light neutrinos, as well as photon and GR corrections in Newtonian N -body codes. The approach is based on the cosira code presented in [26] , in which radiation (photons and massless neutrinos) were included consistently to leading order in the N -body solver gadget. The method involves the realisation at all times of the radiation perturbation field and the scalar potential quantity γ on a grid in the code. This grid is subsequently added to the ordinary potential grid to account for the effects of radiation and GR corrections to the Euler equation.
In this work we have extended the formalism to account for the possibility of massive neutrinos which complicates the calculation of γ somewhat. As in the case of massless neutrinos, we use the class code to calculate the quantities necessary to construct γ in linear perturbation theory, i.e. the general relativistic potential correction γ as well ass the energy density perturbations of photons and massive neutrinos. These are then realised on a grid in the N -body simulation. We have tested the implementation in two different solvers: concept, which is a PM code fully interfaced with class, and pkdgrav, which is a tree code to which has been added a potential grid in order to implement the effects.
We find that we can calculate the effects pertaining to the addition of massive neutrinos, photons and GR corrections at the per mille level on large scales, where structure formation is purely linear. On smaller scales we find, as expected, that the effects of massive neutrinos are completely dominated by the absence of a clustering matter component, and that our results are identical to those found in a completely Newtonian N -body run.
The corrections studied here are typically at the level of a few percent on large scales, large enough that they should be included when comparing against data from future very large surveys such as EUCLID [2] and LSST [1] . definition of γ from Eq. 4.12 in [20] :
where the last line provides a convenient way of obtaining the total shear from quantities available in class.
Given that we run the simulations using N -body gauge we will now fix our discussion to this gauge. In N -body gauge, we have H Nb T = 3ζ, where ζ is the comoving curvature perturbation, leading toḢ Three of the quantities in this equation, δp,ṗ and σ are not readily available in the standard version of class. Thus, it is convenient to modify class slightly to output this quantity. We need a formula forṗ inside class that also includes non-cold dark matter. From Eq. 3.14 in [32] we findṗ 6) where p is the pseudo-pressure defined in [32] . For any pressureless species, p α p 0, and for relativistic species we have p α p. We can then write the time-derivative of the total pressure in terms of the total pressure and p ncdm,tot :
Using this prescription we have modified class to provideḢ Nb T in N -body gauge, which through (A.2) provides the quantity γ.
